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1. INTRODUCTION
This paper derives a number of properties}asymptotic, stability, and
 .other properties}for a certain parabolic nonlinear diffusion equation.
The essential underlying assumption is that the diffusivity is bounded
below by a positive constant.
 .An initial boundary value problem i.b.v.p. for such an equation is
considered where the assigned boundary values are independent of time
together with the associated steady state solution. The purpose of this
paper is to demonstrate how related, no¨el Liapuno¨ functionals, of two
general types, may be used to elucidate characteristics of the i.v.b.p., and
its relationship to those of the corresponding b.v.p.
Section 2 discusses the general context, particularly the unsteady and
steady states associated with the nonlinear diffusion equation.
 .Section 3 introduces some Liapunov functionals of type 1, say and
 .proves relevant properties lemmas thereof. It establishes that the steady
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state solution is exponentially asymptotically stable in these, and in re-
lated, measures, and discusses some related properties.
Section 4 considers the i.b.v.p. both for the forward in time and for the
 .backward in time p.d.e. One of the Liapunov functionals of type 1 , under
appropriate assumptions, is proved to be a logarithmically convex function
of time. This leads to two conclusions for the zero solution of the
 .  .appropriate i.b.v.p.: i its uniqueness; ii Holder continuous dependenceÈ
thereof for the backward in time problem, under appropriate assumptions.
Section 5 introduces another type of Liapunov functional or measure of
.type 2, say . A simple proof is given which establishes that the steady state
solution is exponentially asymptotically stable in this measure. As an
important consequence of this, exponential asymptotic stability in the
pointwise norm follows in the one-dimensional case.
In Section 6 we consider an i.b.v.p., in one spatial dimension, with
moving boundaries and zero boundary values of temperature, for exam-
.ple . Some stability and decay properties are established for functionals or
measures of type 2, under various assumptions.
w xFlavin and Rionero 5 have used Liapunov functionals of type 1 to
derive some estimates of the general type occurring in this paper for a
problem involving a thermal diffusivity depending quadratically on temper-
ature}a constitutive property appropriate to cold ice. A very close ana-
w xlogue of such functionals or measures had earlier been used 12 in a
mathematically analogous context. The context was that of nonlinear
stability studies of Couette]Poiseuille flow in anisotropic magnetohydrody-
namics when the perturbations are laminar. Such a Liapunov functional
 w x w x.has also been considered in various other contexts e.g., 4 and 1 .
Concerning other approaches to issues similar to that dealt with in this
w xpaper we mention the following: Kawanago 8, 9 considers the asymptotic
behaviour as t ª ` of i.b.v.p.s for nonlinear diffusion equations of the
 .general type considered in this paper but with zero or homogeneous
w x boundary conditions. In 8 he considers the nondegenerate case i.e.,
. w xessentially when thermal diffusivity is strictly positive , while in 9 , in
addition to this, he considers the degenerate case i.e., when the diffusivity
is nonnegative, vanishing when the temperature or other relevant field
.variable vanishes . It should be noted, however, that Kawanago also
discusses Neumann boundary conditions and existence questions.
We emphasize that what distinguishes this work from the two works just
cited, and from other approaches to issues of the type addressed here, is its
use of novel, conceptually simple, versatile Liapunov functionals. Further
evidence of the versatility of such functionals is provided by the fact that
one has recently been used as an essential ingredient in the construction
of a very effective Liapunov functional appropriate to the Benard problemÂ
w xfor a thermofluid 6 .
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2. PRELIMINARIES
Let V g R3 be a sufficiently smooth bounded fixed domain ensuring
the validity of divergence-like theorems. We will consider the initial
 .boundary value problem i.b.v.p.
u s D F u , x, t g V = Rq, 1 .  .  .t
u x, 0 s u x , x g V , 2 .  .  .0
u x, t s u x , x, t g ­ V = Rq, 3 .  .  .  .1
2 2 .  .  .where F g C R and u g C V , u g C V , i s 0, 1, are assigned0 i
 .functions. Typically though not necessarily u represents temperature, and
 .  .F u is connected to the temperature dependent diffusivity k u by
u
F u s k u du. .  .H
0
Our principal goal is to study matters relating to the asymptotic behaviour
 .  .of solutions of 1 ] 3 . In particular, we are interested in obtaining
conditions on F under which each solution tends toward a steady state
when t ª `. Smooth solutions are assumed throughout, but most of the
arguments are easily adapted to cater for weak solutions.
Having this in mind, let us consider the steady boundary value problem
 .b.v.p.
D F U s 0, x g V , 4 .  .
U s u x , x g ­ V , 5 .  .1
and let us put
u s U q ¨ . 6 .
 .  .  .  .Then from 1 ] 3 and 4 ] 6 it turns out that
¨ s D L, x, t g V = Rq, 7 .  .t
¨ x, 0 s u y u s ¨ , x g V , . 0 1 0 8 .
¨ s 0, x g ­ V ,
where
L s L U, ¨ s F U q ¨ y F U . 9 .  .  .  .
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Throughout this paper we shall assume that
dF
XF u s ) 0, ;u g R. 10 .  .
du
Remark 1. Let us remark that
¨ s 0 « L s 0. 11 .
 .Moreover, 10 implies
¨ s 0 m L s 0. 12 .
 .  .Remark 2. Concerning the solvability of the b.v.p. 4 ] 5 , we empha-
 .size that, under the assumption 10 , on setting
F s F u 13 .  .1 1
this problem depends on the solvability of the b.v.p. of the Dirichlet
problem for the Laplace equation
D F s 0, x g V , 14 .
F s F , x g ­ V . 15 .1
U  .  .  .In fact, let F be the solution of 14 ] 15 , and let w be the unique
  . .inverse function of F bearing 10 in mind . From
F U s FU 16 .  .
it follows that
U s w FU 17 .  .
 .  .  .  .is the solution of 4 ] 5 . Of course, uniqueness for the b.v.p. 14 ] 15
  ..  .  .implies in view of assumption 10 uniqueness for 4 ] 5 . Let us note
 .  .that conditions ensuring the solvability of the b.v.p. 14 ] 15 , in the strong
or in the weak sense, are well known and can be found, for instance, in
w xGilbarg and Trudinger 7 . Further, for many domains V, and for many
examples of boundary data, explicit analytic solutions are known, many of
w xwhich can be found, for instance, in Carslaw and Jaeger 2 .
3. CONVERGENCE TO ASYMPTOTIC STATES
For the remainder of this paper we shall make the following assumption
 .unless otherwise stated :
Assumption. For u g R let
FX u G m , 18 .  .
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where m is a positive constant. In the context of standard heat conduction
.this means that the thermal diffusivity is bounded below by m .
For an easy proof of theorems related to the asymptotic states, we need
the following lemmas, which are to a large extent a generalization of those
w xcontained in 5 .
LEMMA 1. Supposing that ¨ g R and setting
¨
G ¨ , U s L ¨ , U d¨ , 19 .  .  .H
0
one has
­ G
i G 0, U s s 0, 20 .  .  .
­ ¨ ¨s0
­ 2 G
ii ) m , 21 .  .2­ ¨
1 2iii G ¨ , U G m¨ , 22 .  .  .2
2­ G
2iv s L ¨ , U G 2mG ¨ , U . 23 .  .  .  . /­ ¨
 .  .  .  .  .Proof. Note that 11 , 18 , and 19 immediately imply 20 ] 21 , while
 .  .  .22 comes from the Taylor expansion and 20 ] 21 . Finally, from
­ L
L 0, U s 0, ) m , .
­ ¨
24 .
­ L2 ­ L G 2 Lm , ¨ ) 0,s 2 L F 2 Lm , ¨ - 0,­ ¨ ­ ¨
 .one obtains 23 .
 .LEMMA 2. Let ¨ g R and let 19 hold. On setting
¨
2 nq1G s L ¨ , U d¨ , G s G 25 .  .Hn 0
0
 .n being a positi¨ e integer or zero , it follows that
0 F G - ¨L2 nq1 ,n
m2 nq1
2nq1.G G ¨ , 26 .n 2 n q 1 .
L2 nq2 G mG .n
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 .  .Proof. Because 19 ] 21 imply
L ¨ , U .
) m , ;¨ / 0, 27 .
¨
it follows that
L2 nq1 ¨ , ? G m2 nq1¨ 2 nq1 , ¨ G 0, .
28 .
L2 nq1 ¨ , ? F m2 nq1¨ 2 nq1 , ¨ F 0. .
 .  .Integration of 28 yields 26 .2
 .Turning to 26 , let us notice that1
­
2 nq1 2 nL ) 2n q 1 mL ) 0, ;¨ g R, ¨ / 0. .
­ ¨
 .Therefore, because of 18 , it follows that
¨ ¨
2 nq1 2 nq1 2 nq1¨ ) 0 « L ¨ , ? d¨ - L ¨ , ? d¨ s ¨L ¨ , ? , .  .  .H H
0 0
0 02 nq1 2 nq1 2 nq1¨ - 0 « L ¨ , ? d¨ ) L ¨ , ? d¨ s y¨L ¨ , ? , .  .  .H H
¨ ¨
 .which together imply 26 .1
 .  .  .The proof of 26 is now trivial. In fact, for ¨ / 0, 26 and 27 imply3 1
L2 nq1 ¨ , ? L2 nq2 ¨ , ? L ¨ , ? .  .  .
) s ) m.¨ 2 nq1 2 nq1 ¨H L ¨ , ? d¨ ¨L ¨ , ? .  .0
We are now in a position to prove some theorems concerning asymptotic
states, the first of these being:
 .  .  .THEOREM 1. Let 18 hold and let the b.¨ . p. 4 ] 5 be sol¨ able. Then U
is exponentially asymptotically stable in the L2-norm and is the asymptotic state
 .  .of any solution of the i.b.¨ . p. 1 ] 3 in this norm.
Proof. Let us introduce the Liapunov functional
V t s G ¨ x , t , U x dV 29 .  .  .  .H
V
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 .  .and notice that, by 20 and 22 , it is positive definite with respect to ¨.
Along the relevant solutions, it turns out that
ÇV s L¨ dV s L D L dV s L= ? =L dV .H H Ht
V V V
2s L=L ? n dS y =L dV , 30 .  .H H
­ V V
where n is the outward unit normal vector to ­ V.
 .  .On taking into account 8 , 11 , and the Poincare inequality, it followsÂ2
that
Ç 2V F yg L dV 31 .H
V
where g ) 0 is the positive constant in the Poincare inequality seeÂ
.  .  .  .Appendix 1 . Using 23 , 29 , and 31 , it turns out that
ÇV F y2mg V , 32 .
which implies
V F V 0 ey2 mg t . 33 .  .
Whereas this latter result means exponential asymptotic stability in the
measure V, we proceed to the weaker, but more con¨entional, result
 .  .embodied in Theorem 1: this follows from 33 on noting that 22 implies
2
2 y2 mg t¨ dV F V 0 e . 34 .  .H mV
Remark 3. The decay constants occurring in the foregoing results
 .  .33 ] 34 are not quite as good as in their counterparts in an earlier paper
w x  .5 on cold ice which has a particular constitutive equation . The reason is
that it was possible to use stronger assumptions in the circumstances of the
latter paper. We now proceed to a generalization of Theorem 1.
 .  .  .THEOREM 2. Let 18 hold and let the b.¨ . p. 4 ] 5 be sol¨ able. Then U
is asymptotically exponentially stable in the L2 n-norm, n g Rq, and is the
 .  . 2 nasymptotic state of each solution of 1 ] 3 in the L -norm as t ª `.
Proof. Let us introduce the Liapunov functional
V s G ¨ x , t , U x dV 35 .  .  .Hn n
V
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 .  .and notice that, by 25 and 26 , it is positive definite in ¨ . Along the2
relevant solutions, it turns out that
Ç 2 nq1 2 nq1 2 nq1V s L ¨ dV s L D L dV s L = ? =L dV .H H Hn t
V V V
22 nq1 2 ns L =L ? n dS y 2n q 1 L =L dV , 36 .  .  .H H
­ V V
 .  .and hence by 8 and 112
2n q 1 . 2nq1ÇV s y =L dV . 37 .  .Hn 2
Vn q 1 .
 .  .From 37 and the relevant Poincare inequality see Appendix 1 , oneÂ
obtains
2n q 1 .
2 nq1.ÇV F y g L dV ,Hn 2
Vn q 1 .
 .and in view of 26 it follows that3
2n q 1 .ÇV F y g mVn n2n q 1 .
and hence
y2V F V 0 exp y 2n q 1 n q 1 g mt , 38 .  .  .  .n n
 .   ..  .where V 0 s V ¨ , U x . Finally 26 givesn n 0 2
2 n q 1 . y22nq1.¨ dV F V 0 exp y 2n q 1 n q 1 g mt . 39 .  .  .  .H n2 nq1mV
 .   .4y1On raising both sides of 39 to the power of 2 n q 1 and, on taking
the limit as n ª `, one finds that
y1sup ¨ x, t F m sup L ¨ , U .  .0
xgV xgV
qF sup v x , x, t g V = R , 40 .  .  .0
xgV
 .where use has been made of 26 . Thus one has3
 .  .  .THEOREM 3a. Let 18 hold and let 4 ] 5 be sol¨ able: Then the steady
state U is stable in the L`-norm.
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Greater effort is required to establish convergence in the pointwise
norm. To this end, let us note: if r, s, t ) 0, are constants such that1
 .r ) s ) t ) 0, it follows from 37 that1
r 2y2y1 2 nq2 nq1m L x, s G V s G 2n q 1 n q 1 =L dV dt , .  .  .  .  .H Hn
s V
41 .1
 . w xwhere 26 has also been used. Proceeding as in Evans 3, pp. 600, 601 ,3
this together with a Sobolev inequality implies the following inequality
connecting two norms at different times:
y1 .2 nq2y1 y12 nq2.L ?, r F C 1 q r y s L ?, s , 41 .  .  .  . .6 nq1 2 nq2 2
where C is a constant depending on V. Using a Moser iteration of this,
w xone may prove, as in Evans 3, pp. 600, 601 , that for t ) t ) 01
y3r4L x, t F ct L x, tr2 , 41 .  .  .` 2 3
where c is a constant depending on V.
 .Suppose now that, in addition to assumption 18 , one assumes
FX u - M , 42 .  .1
where M is a positive constant; it is obvious in this case that one can
derive upper and lower bounds mirroring the lower and upper ones
 .  .  .  .occurring in 26 and 26 , respectively. Now 18 and 42 together with2 3 1
 .33 imply that
1r2L x , t F Mrm L x , 0 exp ymg t . 42 .  .  .  .  .2 2 2
 .  .  .Using 41 , 42 , and 26 one finds that for any t ) t , t being a3 2 3 0 0
 w x.constant, one has cf. 8
m ¨ x, t F L x, t F N exp yg m t y t r2 , 43 4 .  .  .  .` ` 0
where N is a constant depending inter alia on V. Consequently we have
 .  .  .  .THEOREM 3b. Let 18 and 42 hold and let 4 ] 5 be sol¨ able. Then1
the steady state U is exponentially asymptotically stable in the L`-norm, and it
is the asymptotic state in this norm.
w x  .Remark 4. Kawanago 8 also requires an assumption additional to 18
when deriving some of his results on exponential asymptotic stability.
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 .  .  .Remark 5. Let 18 hold and let 4 ] 5 be solvable. We will consider
here the stability of U, when perturbations in the boundary data are also
 .  .allowed. Denoting these by f x, t , 8 becomes2
¨ x, t s f x, t , x, t g ­ V = Rq. 44 .  .  .  .
 .  .Then from 30 , by using the Friedrichs inequality and 18 , we obtain
ÇV F y2mg V q C t , 45 .  .1
where
­ L
2C t s L q g L dS , 46 .  .H 2 /­ n­ V
in which g , g are the positive constants in the Friedrichs inequality see1 2
.Appendix 1 , the second term in the integrand being the outward normal
derivative. On integrating, it turns out that
ty2 mg t y2 mg t 2 mgtV t F V 0 e q e c t e dt . 47 .  .  .  .H
0
On setting
S t s sup C t 48 .  .  .
w x0, t
it turns out that
S t .y2 mg t y2 mg tV t F V 0 e q 1 y e . 49 .  .  .  .
2mg
 .Therefore, because of 22 ,
m
V 0 - « , .
2 50 .
S t - m2g« .
imply
¨ 2 dV F 2« , 51 .H
V
2 w xi.e., the continuous dependence in the L -norm on 0, t . Moreover,
lim S t s 0 52 .  .1
tª`
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implies that U is the asymptotic state in the L2-norm of any solution of
 .  .1 ] 2 and
u x, t s u x q f x, t on ­ V . 52 .  .  .  .1 2
By using the methodology used in proving Theorem 2, conditions ensur-
ing the continuous dependence and the asymptotic behaviour in the
L2 nq1. norm can be obtained. Analogously, conditions ensuring continu-
ous dependence in the pointwise norm can be found.
Remark 6. We notice that the Poincare inequality holds also on non-Â
compact domains, bounded at least in one direction. Therefore Theorems
1]3 and Remark 2 continue to hold also for these domains, at least with
respect to perturbations spatially periodic in the direction in which the
domains are unbounded.
4. LOGARITHMIC CONVEXITY CONSIDERATIONS
In this section we establish, under appropriate assumptions, the logarith-
 .  .mic convexity of the Liapunov functional V t defined by 29 in the
context previously described, both for the forward and backward in time
equation.
 .  ..Recalling that 19 , 30
2ÇV s G ¨ dV s y =G dV , 53 .  .H H¨ t ¨
V V
 .where G s ­ Gr­ ¨ etc. Differentiating 53 we obtain¨ 2
ÈV t s y2 =G ? =G d¨ s 2 DG G dV . H H¨ ¨ t ¨ ¨ t
V V
s 2 G ¨ 2 dV , 54 .H ¨ ¨ t
 .  .  .where 7 , 8 , 20 , etc. have been used together with the divergence2
theorem.
 .  .Now using 53 ] 54 together with Schwarz's inequality, we obtain
2
2 2È ÇVV y V s 2 G dV G ¨ dV y G ¨ dVH H H¨ ¨ t ¨ t 5
V V V
y1 12 2G 2 G ¨ dV G GG y G dV , 55 .  . .H H¨ ¨ t ¨ ¨ ¨ ¨ ¨2
V
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 .  .recalling that G ) 0 in view of 18 and 21 . From this it follows that¨ ¨
È Ç2VV y V G 0 56 .
provided that
1 2GG y G G 0 57 .¨ ¨ ¨2
’ .i.e., that G is convex w.r.t. ¨ }assuming G / 0 . It is easily shown that
the foregoing result continues to hold in the context of the backward in
 .time equation, i.e., when y¨ replaces ¨ in 7 . Thus we have:t t
THEOREM 4. In the context of the initial boundary ¨alue problem defined
 .  .  .by 7 ] 8 , subject to 18 , or for its counterpart for the backward in time
  ..equation wherein y¨ replaces ¨ in 7 , suppose that there is no ¨alue of tt t
for which ¨ ' 0, ;x g V, and that
1r2 ’G ¨ , ? s G ¨ , ? ) 0 .  .  .
is a con¨ex function of ¨ g Rq. Then
V t s G ¨ , ? dV .  .H
V
is a logarithmically con¨ex function1 of t.
 .Remark 7. Condition 57 , concerning G, arising in the foregoing, is
satisfied, for example, if the diffusivity
k u s k 1 q « u2 n , .  .0
where k , « are positive constants and n is a positive integer.0
Two implications of the foregoing result are now discussed. If the
conditions of the foregoing theorem hold, logarithmic convexity implies cf.
w x.4 that
 .  .  .  .t yt r t yt tyt r t yt2 2 1 1 2 1V t F V t V t 58 .  .  .  .1 2
for 0 F t F t F t . Suppose that, for some fixed T ,1 2
¨ x, t ' 0, ;x g V , for each t , 0 F t F T , .
59 .
¨ x, T ' 0. .
1 Its logarithm is convex.
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 .In 58 write t s 0, t s T y « , where « is a constant. T ) « ) 0 to1 2
obtain
y1 y1 . .  .Ty«yt Ty« t Ty«V t F V 0 V T y « . 60 .  .  .  .
 .Letting « ª 0, one obtains, in view of 59 and the positi¨ e definiteness of
G, that for 0 F t F T
V t ' 0 .
and that
¨ ' 0.
 .Thus supposition 59 cannot hold. Similarly, the following cannot hold:
For some fixed T , T ,1
¨ x, t ' 0, ;x g V for each t , T F t F T , . 1
¨ x, T ' 0. .
Thus one has the following
THEOREM 5. In the context of the initial boundary ¨alue problem gi¨ en by
 .  .7 ] 8 etc., or that of its backward in time counterpart, and subject to the
 .  .restrictions 18 and 57 , one has
¨ x, T ' 0, ;x g V , .
 .  .for some finite time T G 0 , implies that
¨ ' 0, ;x g V , ; t ,
i.e., one has uniqueness of the zero solution.
Remark 8. This provides, inter alia, a complement to our earlier results
which imply asymptotic decay to zero, in various measures, of the solution
 .for the forward in time problem : the foregoing proposition establishes
that the solution cannot decay identically to zero in finite time.
A continuous dependence result also follows for the backward in time
 .equation, using 58 etc.
 .  .THEOREM 6. For the backward in time counterpart of the i.b.¨ . p. 7 ] 8
 .  .etc., subject to the restrictions 18 and 57 , one has the following: pro¨ided
that, for some fixed T ,
V T F M , 61 .  .
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where M is a gi¨ en positi¨ e constant, then
1y trTtr TV t F M V 0 62 .  .  .
for 0 F t F T , establishing Holder continuous dependence, on the initialÈ
 .  .  .data, for the zero solution of 7 ] 8 .
In the foregoing, the constant M may be related to the relevant melting
 w x.temperature cf. 10 . It is, of course, known that, in the absence of a
 . w xrestriction of type 61 , the relevant i.b.v.p. is ill-posed 10 .
5. ANOTHER APPROACH TO ASYMPTOTIC STATES
 .In this section we introduce a different Liapunov functional of type 2 ,
yet one which is related to the first one used in Section 3, and exponential
asymptotic stability etc. is established in this measure. The proof is
especially simple and it is this simplicity which makes it attractive. More-
over, in one dimension, exponential asymptotic stability in the pointwise
norm is implied.
 .  . .In the original context 1 ] 9 etc. we introduce the Liapunov func-
tional
21E t s =L dV . 63 .  .  .H2
V
 .  .  .In view of 8 , 9 , and the Poincare inequality cf. Appendix 1 there is aÂ2
positive constant g such that
1 2E t G g L dV . 64 .  .H2
V
 .In view of this and 11 , E is positive definite with respect to ¨ , and thus
serves as a Liapunov stability measure for the context in question.
 .  .Along the solutions of 7 ] 8 we obtain, using the divergence theorem
etc.,
­ LÇE t s =L ? =L dV s L =L ? n dS y ¨ D L dV . 65 .  .H H Ht t t­nV ­ V V
But
L s 0 on ­ V « L s 0 on ­ V ,t
­ L 66 .Xs F U q ¨ ) m .
­n
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 .  .  .  .  .on recalling 9 and 18 . Using 7 , 65 , and 66 one obtains
2ÇE s ym D L dV . 67 .  .H
V
But L s 0 on ­ V implies
2 2
g =L dV F D L dV , 68 .  .  .H H
V V
where g is the constant in the Poincare inequality arising previously seeÂ
.  .  .  .Appendix 1 . Thus 63 , 67 , and 68 yield
ÇE t F y2mg E t . 69 .  .  .
Integration of this yields
E t F E 0 ey2 mg t , 70 .  .  .
 .wherein E 0 is given in terms of data by
2X XE 0 s F ¨ q U = U q ¨ y F U =U dV .  .  .  .H 0 0
V
2X X Xs F ¨ q U y F U =U q F ¨ q U =¨ dV . 71 4 .  .  .  .H 0 0 0
V
The foregoing result may be summarized thus:
 .  .  .THEOREM 7. Let 18 hold and let 4 ] 5 be sol¨ able. Then U is
 . asymptotically exponentially stable in the measure 65 as con¨eyed by
 .  ..  .  .70 ] 71 and is the asymptotic state of any solution of 1 ] 3 in this
measure.
 .It is readily verified that 70 implies that
22 y2 mg tL q =L dV F KE 0 e , 72 .  .  .H
V
where K is a computable constant. This implies a slight variant of the
previous theorem, under the same underlying assumptions:
THEOREM 7a. The steady state U is asymptotically exponentially stable in
1  .  .the H -norm of L and is the asymptotic state of any solution of 1 ] 3 in this
norm.
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We conclude this section with two remarks:
Remark 9. Consider a fixed, one-dimensional domain 0 F x F l, to
which the previous analysis is applicable mutatis mutandis. The steady
state is exponentially asymptotically stable in the pointwise norm. That this
 .is so is a consequence of 70 together with the readily verified inequalities
2x l2 2 2 2 2 2m ¨ x, t F L x, t F L dx F x L F 2 l E t . .  .  .H Hx x /0 0
Remark 10. Using the considerations of this section, it is also possible
3 to deduce pointwise decay to zero as t ª ` of ¨ , in R : Note that in
.standard norm notation
 .  .i it follows from 67 that
t 2 y1D L x, t dt F m E 0 ; .  .H 2
0
 .ii one has the Sobolev inequality
sup L x, ? F C D L x, ? , .  . 2
V
 w x.where C is a constant depending on V e.g., 13 . Using these and
 .  .26 ] 26 one finds that2 3
2t 2 y3sup ¨ ?, t dt F c m E 0 . .  .H  5
0 V
It follows from this, bearing in mind the assumed continuity of ¨ , that
sup¨ ?, t ª 0 as t ª `. .
V
6. CASE OF MOVING BOUNDARIES
In this section we consider an i.b.v.p. in one spatial dimension with
 .moving boundaries and zero boundary values e.g., of temperature . Some
 .stability and decay results are established for certain measures or norms
w xof type 2. These depend on a lemma given in Appendix 2 and also in 4 .
Suppose
qu s F u , x t - x - x t , t g R , 73 .  .  .  .t y qx x
u x , 0 s u x , 74 .  .  .0
u x t , t s u x t , t s 0. 75 .  .  . .  .q y
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 .  .It is supposed that x t , x t are single-valued, continuously differen-q y
 .  .tiable functions such that x t ) x t , and thatq y
x ? t G 0, x ? t F 0 76 .  .  .q y
 .  .``expanding'' region . Moreover, assumption 18 again obtains.
 .Suppose that f w }arising in the Lemma in Appendix 2}is a twice
 Y .  .continuously differentiable con¨ex function i.e., f G 0 such that f 0 s
0; for such a function
wfX w y f w G 0. 77 .  .  .
 .In what follows it is natural}though not necessary}to think of f w as a
positive definite function of its argument. Defining
J t s f F dx 78 .  .  .H x
Gt
 .  .it follows from the Lemma in Appendix 2, 77 , and 18 that
­ F
Y? 2J t s f F F dx .  .H x x x­ uGt
F ym fY F F 2 dx. 79 .  .H x x x
Gt
Thus we have
 .THEOREM 8. For the i.b.¨ . p. with mo¨ing boundaries, defined by 73 ]
 .75 , subject to the restrictions on the boundary motion stated in the second
 .   .paragraph of this section, the measure defined by 78 wherein f w is a
 . .con¨ex function of its argument such that f 0 s 0 is a nonincreasing
function of the time t.
If f is positive definite in its argument the foregoing proposition may be
viewed as a stability estimate. As an example, take
f w s w2 n , .
n being a positive integer. The foregoing implies
1r2 n 1r2 n
2 n 2 nF dx F F dx , t G 0.H Hx x
G Gt 0
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Letting n ª `, we obtain
 .  .THEOREM 9. For the i.b.¨ . p. defined by 73 ] 76 subject to the stated
restrictions
sup F x , t F sup F x , 0 , t G 0. 80 .  .  .x x
x x
As F is interpretable as heat flux in the context of standard heat flow,x
this means that the absolute value of the heat flux is a nonincreasing
function of time.
As another example, take
f w s w2 .
 .and 79 takes the form
J ? t F y2m F 2 dx. 81 .  .H x x
Gt
Hence
J ? t F y2mp 2 ly2 t F 2 dx , 82 .  .  .H x
Gt
 .where l t denotes the width of the region at time t; this follows on noting
that H F dx s 0 and on using the well-known Poincare inequalityÂG xt
L L2 2 y2 2F dx dx G p L F dxH Hx x x
0 0
 .for smooth functions F x such that
L
F dx s 0.H x
0
 .  .Integration of 82 yields a global decay asymptotic stability result,
 .whence pointwise decay asymptotic stability also follows:
 .  .THEOREM 10. For the i.b.¨ . p. defined by 73 ] 76 subject to the stated
restrictions
J t s F 2 dx 83 .  .H x
Gt
satisfies
t X X2 y2J t F J 0 exp y2p m l t dt . 84 .  .  .  .H
0
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Further, ' a positi¨ e constant C.
t X X1r2 2 y2u x , t F CJ 0 exp yp m l t dt . 85 .  .  .  .H
0
 .  .That 85 follows from 84 is a simple consequence of Schwarz's
inequality and the zero boundary conditions satisfied by u.
 .It is possible to enhance the decay rate in 84 if one retains the
 .boundary terms on applying the Lemma of Appendix 2 to 83 . Specifically
one obtains
xsxq
? 2 2 ?J t F y2m F dx y F x . H x x x
G xsxt y
F y2ml t J t , 86 .  .  .
 .where l t is the greatest value for which the inequality
xsxqy12 ? 2 2F dx q 2m x F G l t F dx 87 .  .  .  .H Hx x x xxsxyG Gt t
 .  .  .holds in the class of smooth F x . F x s F x s 0. This value may beq y
 w x.  .obtained, by standard variational means e.g., 11 , as the lowest positive
eigenvalue of a problem consisting of a fourth order differential equation
subject to the two zero boundary conditions and two natural ones. Integra-
 .  .  .  . 2 y2 .tion of 86 yields an enhancement of 84 ] 85 with l t ) p l t . It
 . 2 y2 .may also be easily proven that l t cannot exceed 4p l t .
ÂAPPENDIX 1: POINCARE AND FRIEDRICHS INEQUALITIES
For three-dimensional regions V with sufficiently smooth boundary ­ V
one has the following inequalities:
 .i For arbitrary functions F regular in the region V, vanishing on
the boundary ­ V, and such that =F is square integrable, one has
2 2=F dV G g F dV , .H H
V V
 .where g is the lowest positive eigenvalue of
DC q lC s 0 in V , C s 0 on ­ V .
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 .ii One also has
2 2
D x dV G g =x dV .  .H H
V V
for arbitrary regular functions such that x s 0 on ­ V.
This follows from the previous inequality, Schwarz's inequality, etc. as
follows:
1r2
2 22=x dV s y x D x dV F x dV D x dV .  .H H H H
V V V V
1r2
2 2y1F g =x dV D x dV . .  .H H
V V
Analogues of the foregoing inequalities hold in all dimensions.
 .iii Let V be a domain with Lipschitz boundary. Then for every
1 .  .  .function u g C V there exist positive constants g V i s 1, 2 suchi
w xthat 11
22 y1 y1 2u dV F g =u dV q g g u dV . .H H H1 2 1
V V ­ V
APPENDIX 2
LEMMA. Consider a region R in the t]x plane bounded
 .i by a straight line segment with abscissa t s 0,
 .ii by two cur¨ es C , C defined respecti¨ ely byq y
x s x t , x s x t , .  .q y
which are
 .a single-¨ alued continuously differentiable functions,
 .  .  .b such that x t ) x t .q y
Let G denote the straight line segment contained in the region ha¨ing abscissat
t.
 .Let c t, x be a twice continuously differentiable function defined in the
 .region which takes zero ¨alues on C , C . Let f w be a twice continuouslyq y
differentiable function of its argument w.
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Then in the context and notation of the last two paragraphs the quantity
J t s f c dx .  .H x
Gt
satisfies
 .xsx tq
Y X? ?J t s f c c c dx y c f c y f c x t . 4 .  .  .  .  .H x t x x x x x
G  .xsx tt y
The result is a simple consequence of the Leibnitz theorem and differ-
entiation of the boundary conditions. A more general version is given in
w x4 .
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